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Abstract The concept of step fuzzy subgroups is introduced and the relat ions between propert ies of

g roups and step fuzzy subgroups are studied.
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Introduction

Anthony and Sherw ood[ 1] proposed a def init ion of fuzzy subgroup of a g roup G With respect

to ( wrt ) a t- norm T .

In this paper w e int roduce the notion of a step fuzzy subgroup of G w rt T and discuss the

follow ing two problems:

� T he st ructure of a step fuzzy subg roups,

� the st ructure of a step normal fuzzy subgroups.

T hese discussions reveal the relat ions betw een propert ies of group and step fuzzy subgroups.

1 � Preliminaries

Def init ion 1. 1 Let X be ( an ordinary ) set . A fuzzy subset of a set X is a funct ion �: X � [ 0, 1]

w ith � ( x ) � [ 0, 1] as the g rade of membership.

Def init ion 1. 2 By a t- norm T , We mean a funct ion T :

[ 0, 1] � [ 0, 1] � [ 0, 1] sat isfying, for each x , y , z � [ 0, 1] ,

� T ( x , 1) = x ,

� T ( x , y ) � T ( x , z ) if y � z ,

� T ( x , y ) = T ( y , x ) ,

� T ( x , T ( y , z ) ) = T ( T ( x , y ) , z ) .

T hrorem 1. 3 ( see [ 2] ) � � T ( 0, a) = 0;

( 2) T ( a, b ) � m in ( a, b) = a � b , for all a , b � [ 0, 1] .

Def init ion 1. 4 Given tw o t- norms T 1 and T 2, w e may say that T 1 is st ronger than T 2, w ritten

as T 1�T 2, if

T 1( x , y ) �T 2( x , y ) � � for all x , y � [ 0, 1] .

Consider a part icular t- norm T 0: T 0( a, b) = a � b for all a, b � [ 0, 1] . By theorem 1. 3
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( 2) . w e have

T � T 0 for all t- norm T .

Def init ion 1. 5 Let G be a group. A function �: G � [ 0, 1] is a fuzzy subgroup of G w ith respect

to ( wrt ) a t- norm T if for all x , y � G ,

� �( x , y ) �T ( �( x ) , �( y ) ) ;

� �( x
- 1

) = �( x ) w here x
- 1 is the inverse of x in G . Furthermore, a fuzzy subgroup of

G w ith respect to T is called a normal fuzzy subgroup of G w rt T if

�( xy ) = �( y x ) for all x , y � G .

T he �- level set of �, denoted by ��, is defined by

��= x �( x ) � � � if � � [ 0, 1] .

2 � Step fuzzy subgroup

Let G be a g roup and T be a t- morm. We have the follow ing

Def init ion 2. 1 Let � be a fuzzy subgroup of G wrt T . Then � is called a step fuzzy subgroup of

G w rt T if for every �� [ 0, 1] �� is a subg roup of G when ��� �
T heorem 2. 2 Let � be a fuzzy subg roup of G w rt T . Then � is a step fuzzy subgroup of G wrt

T if and only if

�( xy ) ��( x ) � �( y ) � for all x , y � G .

Proof . Suppose �( xy ) ��( x ) � �( y ) � for all x , y � G .

When ��� �, �� [ 0, 1] , let x , y � ��. Then

�( xy
- 1

) ��( x ) � �( y
- 1

) = �( x ) � � �( y ) ��,

have x y
- 1 � �� is a subgroup of G .

Conversely, suppose there are x , y � G such that

�( x y ) < �( x ) � �( y ) .

Put �= min �( x ) , �( y ) , then x , y � ��. Because

�( xy ) < �( x ) � �( y ) = �, x y � ��. Hence, �� is not a subg roup of G .

Consider the t- norm T 0�T 0( a, b) = a � b, for all ( a, b ) � [ 0, 1] � [ 0, 1] . We get the

follow ing corollary

Corollary 2. 3 Suppose � is a fuzzy subgroup of G w rt T .

T hen, 1) � is a step fuzzy subgroup of G w rt T .

2) Furthermore, � is a step fuzzy subgroup of G w rt T , w here T is a arbit rary t- norm .

Proof 1) Because �( xy ) �T 0 ( �( x ) , �( y ) ) = �( x ) � �( y ) , for all x , y � G , it follow s

from theorem 2. 2 that � is a step fuzzy subgroup of G wrt T 0.

2) T his conclusion follows from 1) and that fact: T 0�T.

Def init ion 2. 4 Let � be a step fuzzy subgroup of G w rt T . Suppose �( G ) is the range of �:

�( G ) = �( x ) x � G .

If the �( G ) is finite: �( G ) = c0, c1, c2, �, cm , with 1 �c0> c1> c2> �> cm �0, the in-

teger m is called the length of �.

If the �( G ) is countable: �( G ) = c0, c1, c2, � , cm , � w ith 1 � c0 > c1 > c2 > �>
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cm � � 0, the length of � is defined by + � .

Clearly, if G is a f inite g roup, � is a step fuzzy subgroup of G w rt T , then the leng th of �

is a finite integ er.

T heorm 2. 5 Let � be a step fuzzy subgroup of G w rt T , the length of � is s . �( G ) =

c0, c1, c2, � , c / 2, 1�c0> c1> c2> �> c/ 2�0,

Suppose A = �� � � [ 0, 1] , �� � � . Then

A = �c
1
、�c

2
、�、�c

s and we can get a subgroup series w ithout repetit ion in G :

e � �c
0
< �c

1
< �c

2
< �< �c

s
= G

( �c
i
< �c

i+ 1
indicate that �c

i
is a proper subgroup of �c

i+ 1
) .

Proof . Let i be a integer.

If 0 � i � s then there is a x i � G : �( x i ) = c i , hence �c
i
� � . By definit ion 2. 1, �c

i
( i= 0,

1, 2, 3�, s ) is a subg rcup of G .

If 1 � i < i + 1 � s, then, Clearly, �c
i
� �c

i+ 1
. Because there is a x i + 1� G such that

�( x i + 1) = c i+ 1, and ci+ 1< ci , then x i + 1 � �c
i+ 1

, x i+ 1 � �c
i
, Hence �c

i
� �c

i+ 1
, �c

i
< �c

i+ 1

Because e = min �( G ) , then for all x � G , �( x ) �c s, thus �i
s
� G . Hence �c

s
= G .

T herefore, w e get sequence:

{ e} � �c
0
< �c

1
< �c

2
< �< �c

s
= G

For all ��� A . if C i + 1< �< ci , 1 � i+ 1 � s , then

��= { x | x � G , �( x ) ��} = { x | x � G , �( x ) �ci } � { x | x � G , �� �( x ) < ��} = �ci � �

= �c
i
.

If �> c0, then ��= � , ��� A .

If �< c s, then ��� �c
z
= G , hence ��= �c

s
.

T herefore, A � { �c
0
、�c

1
、�c

2
、�、�c

s
}

Suppose � is a step fuzzy subgroup of G w rt T , then what is the st ructure of �? We state w ith

certainty:

T heorem 2. 6 � is a step fuzzy subgroup of G w rt T , and the length of � is m if and only if �

has the follow ing

st ructure:

�( x ) =

c0, x � N 0

c1, x � N 1- N 0

c2, x � N 2- N 1

�

cm , x � N m - N m - 1.

( 1)

in w hich 1 �c0> c1> c2> �> cm �0, N i ( i= 0, 1, 2�, m ) are subgroups of G and form a sub-

g roup series w ithout repet it ion in G : { e} � N 0< N 1< N 2< �< N m= G .

Proof . If � is a step fuzzy subgroup of G wrt T , and the length of � is m . Let

�( G ) = { c0, c1, c2, �, cm } , 1 �c0> c1> c2> �> cm �0.
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Let B i= { x | x � G , �( x ) = ci } , i= 1, 2, �, m , 0.

T hen, on can express � as:

�( x ) =

c0, x � B 0

c1, x � B 1

c2, x � B 2

�

cm , x � B m .

( 2)

Clearly, B0= �c
0
, B i= �c

i
- �c

i- 1
i= 1, 2, �, m .

By T heorem 3. 5, we have

{ e} � �c
0
< �c

1
< �c

2
< �< �c

m
= G

Put �c
i
= N i ( i= 0, 1, 2�, m ) in ( 2) , w e get ( 1) .

Conversely, if � has the st ructure ( 1) , clearly, � is a funct ion, �: G � [ 0, 1] .

1) For all x , y � G .

If x , y � N i - N i - 1, 1 � i � m , then �( x ) = �( y ) = ci . Because x y � N i ( for N i is a sub-

g roup of G ) ,

�( xy ) �ci = �( x ) � �( y ) .

If x � N i - N i - 1, y � N j - N j - 1, 1 � i < j � m , then �( x ) = ci > cj = �( y ) , but N i � N j ,

hence xy � N j ,

�( xy ) �cj = �( x ) � �( y ) .

If x , y , � N 0, then xy � N 0, �( x y ) = c0= �( x ) � �( y ) . Therefore, w e have show n:

�( xy ) ��( x ) � �( y ) , for all x , y � G . ( * )

But for all t- norm T , �( x ) � �( y ) �T ( �( x ) , �( y ) ) , for all x , y � G .

Hence, �( xy ) �T ( �( x ) , �( y ) ) , for all x , y � G .

2) For all x � G . If x � N i - N i - 1, 1 � i � m , then x
- 1 � N i , hence, �( x

- 1
) �c i=

�( x ) . If x � N 0, then x
- 1 � N 0, �( x

- 1
) = �( x ) = c0.

T herefore, w e have show n: �( x
- 1

) ��( x ) , for all x � G .

Put x
- 1= y , by the above inequality, w e get

�( x ) = �( y
- 1

) ��( y ) = �( x
- 1

) , hence �( x
- 1

) = �( x ) , for all x � G .

T herefore, by the conclusion of 1) , 2) we have show n: � is a fuzzy subg roup of G w rt T .

Furthermore, by ( * ) and theorem 2. 2, w e get : � is a step fuzzy subgroup of G w rt T , and the

length of � is m .

In a similar w ay to the proof of theorem 2. 6, w e get Theorem 2. 7 � is a step fuzzy subg roup

of G w rt T , and the leng th of � is + � if and only if � has the follow ing structure:

�( x ) =

c0, x � N 0

c1, x � N 1- N 0

c2, x � N 2- N 1

�

cm , x � N m- N m - 1

�
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in w hich 1�c0> c1> c2> �> cm > ��0, N i ( i= 1, 2, �, m , �) are subgroups of G and form

a sequence of subgroup of G such that each member of the sequence is a proper sbugroup of it s

successor:

{ e} � N 0< N 1< N 2< �< N m< �� G .

Let { e} � N 0< N 1< N 2< �< N m= G � ( � )

is a subgroup series w ithout repetit ion in G . The integer m is called the length of the series.

If there is a subgroup series w ithout repetit ion ( � ) in G , its length m = max { leng ths of all

subgroup series w ithout repet it ion in G } , then w e may say that the series ( � ) is a g roup series of

the longest leng th in G .

Clearly, f inite group has a subgroup series of the longth, but infinite cyclic g roup has no.

T he follow ing theorem 2. 8 reveals the relat ions betw een step fuzzy subgroup and propert ies

of groups.

T heorem 2. 8 Group G has a subgroup series of the longest length w hich length is m if and

only if there is a step fuzzy subgroup � of G w rt T , the length of � if m , and for any step fuzzy

subgroup of G w rt T , it s length � m .

Proof. If G has a subg roup series of the longest leng th w hich length is m : { e} = N 0< N 1 < N 2

< �< N m = G .

choose ci ( i= 0, 1, 2�, m ) � [ 0, 1] such that 1�c0> c1> c2> �> cm �0. Let

�( x ) =

c0, x � N 0

c1, x � N 1- N 0

c2, x � N 2- N 1

�

cm , x � N m- N m - 1.

By T heorem 2. 6 � is a step fuzzy subgroup of G w rt T .

Let �
*

is a arbit rary step fuzzy subgroup of G w rt T . If the leng th of �
*

is t , and t �m

+ 1. By Theorem 2, 6, from the structure of �*
, w e can get c0, c1, c2, �, c t � [ 0, 1] such that

1�c0> c1> c2> �> c t �0, and a subgroup series without repet it ion in G : { e} � �c
0
< �c

1
< �c

2

< �< �c
t
= G

w hich length t �m + 1. This contradicts the hypothesis.

Conversely, if there is a step fuzzy subgroup of G w rt T , the length of � is m , and for any

step fuzzy subgroup of G w rt T , it s length � m .

Let { e} = N 0< N 1< �< N h = G is a arbit rary subgroup series w ithout repet it ion in G .

Put ci � � [ 0, 1] ( i= 0, 1, 2, �, h ) such that 1 \ c0> c1> c2> , > ch .

Let

L( x ) =

c0, x I N 0

c1, x I N 1- N 0

c2, x I N 2- N 1

,

ch , x I N h- N h- 1.
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By T heorem 2. 6, L is a step fuzzy subgroup of G w rt T , thus h [ m .

Let L* be a step fuzzy subg roup of G wrt T , and the length of L* is m , then, by T heorem

2. 6, G has a corresponding subgroup series w ithout repetit ion, it is a subgroup series of longest

length in G , and its length is m .

3  Step normal fuzzy subgroups

Def init ion 3. 1 A w tep fuzzy subgroup of G w rt T is called a step normal fuzzy subgroup of G wrt

T if it is a normal fuzzy subgroup of G w rt T .

T heorem 3. 2 Let L be a step fuzzy subg roup of G wrt T . Then L is a step normal fuzzy sub-

g roup of G w rt T if and only if for all KI [ 0, 1] , LKis a normal subg roup of G w hen LKX 5.

Proof . If L is a step normal fuzzy subgroup of G wrt T . Then, for all KI [ 0, 1] , w hen LKX 5 .

LKis a subg roup of G . For all x I LK, y I G . one have L( x y ) = L ( yx ) , then L( y
- 1

xy ) = L

[ y
- 1

( x y ) ] = L[ ( x y ) y
- 1

] = L[ x ( yy
- 1

) ] = L( x ) \ K. Hence y
- 1

xy I LK, LK$ G ( H $ G ind-i

cate that H is a norm al subgroup of G ) .

Conversely, if L is a step fuzzy subgroup of G w rt T , and for all KI [ 0, 1] , LK$ G when

LKX 5 . Then for all x , y , z I G , put L( z ) = K. Because LK$ G , y
- 1

zy I LK, hence

L( y
- 1

zy ) \ L( z ) ( * )

Let Z= yx , by ( * ) , w e get L( xy ) \ L( y x ) .

Because y zy
- 1

I L K, L( y zy
- 1

) \ L( z ) ( * * )

Let z = xy , by ( * * ) , w e get L( yx ) \ L( xy ) . Thus

L( xy ) = L( y x ) for all x , y I G .

T herefore, L is a normal fuzzy subgroup of G w rt T .

T heorem 3. 3 L is a step normal fuzzy subgroup of G w rt T . and the length of L is m if and only

if L has follow ing st ructure:

L( x ) =

c0, x I N 0

c1, x I N 1- N 0

c2, x I N 2- N 1

,

cm , x I N m - N m - 1.

( 3)

in w hich 1 \ c0> c1> c2 > , > cm \ 0, N i $ G ( i= 0, 1, 2, , , m ) , and N i ( i= 0, 1, 2, , , m )

form a normal series without repet it ion in G :

{ e} $N 0 $ N 1 $ N 2 $ , $N m = G .

Proof . If L is a step normal fuzzy subgroup of G w rt T , then by def init ion 3. 1, L is a step fuzzy

subgroup of G w rt T , hence by Throrem 3. 6 L has st ructure ( 1) .

Because L is a step normal fuzzy subgroup of G w rt T , by Theorem 3. 2 one get N i = Lc
i

$ G , hence L has a structure ( 3) .

Conversely, if L has a structure ( 3) , by Theorem 2. 6, L is a step fuzzy subg roup of G wrt

T .
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For all x , y I G , if x I N t- N t- 1, t= 1, 2, , , m , because N t $ G , yx y
- 1

I N t , but N t=

Lc
t
, yx y

- 1
I L c

t
, hence Lc

t
$ G , t= 1, 2, , , m , Furthermore, Lc

o
= N 0$ G . H ence Lc

i
$ G , i =

0, 1, , , m . By T heorem 3. 2 and T heorem 2. 5 w e have show n that L is a step normal fuzzy sub-

g roup of G w rt T , and its length is m .

In a similary way to the proof of Theorem 3. 3, we can get Theorem 3. 4 L is a step norm al

fuzzy subg roup of G w rt T , and the length of L is + ] if and only if L has the following struc-

ture:

L( x ) =

c0, x I N 0

c1, x I N 1- N 0

c2, x I N 2- N 1

,

cm , x I N m- N m - 1

, .

in w hich 1 \ c0 > c1 > c2 > , > cm > , \ 0, N i ( i = 0, 1, 2, , , m , , ) % G , and { e } l

N 0 $ N 1 $N 2 $ , $N m $ ,

Just as Theorem 2. 8, the follow ing Theorem 3. 5 reveals the relat ions betw een normal series

of G and step normal fuzzy subgroup of G w rt T .

T heorem 3. 5 Group G has a principal series w hich leng th is m ( see[ 3] ) if and only if there is a

step normal fuzzy subgroup L of G w rt T , the length of L is m , and for any step normal fuzzy

subgroup of G w rt T , it s length [ m .

Proof . w ith the Theorem 3. 2, this proof is similar to the proof of Theorem 2. 8.

We know that finite group has a principal series and that inf inite cyclic group has no. By

T heorem 3. 5, we get Corollary 3. 6. If G is a f inite g roup , then there is some step normal fuzzy

subgroup of G w rt T .

Remark. Clearly, a fuzzy subgroup of G wrt T 0( see def inition 1, 4) is a step fuzzy subg roup

of G w rt T 0 and a normal fuzzy subg roup of G w rt T 0 is a step normal fuzzy subgroup of G wrt

T 0. Therefore, the conclusions of section 3 and sect ion 4 are suitable for fuzzy subgroups of G

w rt T 0 and norm al fuzzy subgroups of G w rt T 0.
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阶梯型模糊子群的结构
李建新 胡 刚

(广东工业大学数理系,广州, 510090)

摘 要  定义了模糊阶梯型子群, 并研究了阶梯型模糊子群与经典群之间的关系.
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