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The Structure of Step Fuzzy Subgroups
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Abstract The concept of step fuzzy subgroups is introduced and the relations between properties of
groups and step fuzzy subgroups are studied.
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Introduction

Anthony and Sherwood''! proposed a definition of fuzzy subgroup of a group G With respect
to (wrt) at— norm 7.

In this paper we introduce the notion of a step fuzzy subgroup of G wrt T and discuss the
following two problems:
(DT he structure of a step fuzzy subgroups,
(2) the structure of astep normal fuzzy subgroups.

T hese discussions reveal the relations betw een properties of group and step fuzzy subgroups.

1 Preliminaries
Definition 1.1 Let X be (an ordinary) set. A fuzzy subset of aset X is a function H: X 70, 1)
with 1 (x) €[0, 1] as the grade of membership.
Definition 1.2 By at— norm 7', We mean afunction 7T':
[0,1] %[0, I]A[O, 1] satisfying, for each x, y, z €[0,1],
DT (x,1)= x,
DT (x,y) ST (x,z) ify <z,
®T (x,y)=T(y.x),
DT (x,T(y,z))= T(T(x,v),z).
Throrem 1.3 (see [ 2]) T(0,a)= 0;
(2) T(a,b)<min (a, b)= aAb, forall a, b €[0,1].
Definition 1.4 Given two t— norms T1and T2, we may say that T1is stronger than T2, written
as T1 >T2, if
Ti(x,y) 2T2(x,y) forall x,y €10,1].
Consider a particular t— norm To: To(a, b)= aAb forall a, b €[ 0,1]. By theorem 1. 3
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(2). we have

T KT for all t— norm T.
Definition 1.5 Let G be a group. A function H: G~ [0, 1] isa fuzzy subgroup of G with respect
to (wrt) at— norm T if foral x, y €6,

W B(x,y) 2T(W(x), Wy));

) W(x~")= B(x) where x~ ' is the inverse of x in G. Furthermore, a fuzzy subgroup of
G with respect to T is called a normal fuzzy subgroup of G wrt T if

Uxy )= B(yx) for all x,y € G.

The a- level set of H, denoted by Hq, is defined by

Uy = {x | uox) ><§ if a €10,1].

2 Step fuzzy subgroup

Let G be a group and T be a t— morm. We have the following
Definition 2.1 Let B be a fuzzy subgroup of G wrt T. Then H is called a step fuzzy subgroup of
G wrt T if for every ME[0, 1] Hyis a subgroup of G when W Z @
T heorem 2.2 Let M be a fuzzy subgroup of G wit T. Then H is a step fuzzy subgroup of G wrt
T if and only if

H(xy ) >L1(x)/\L1(y) forall x,y € G.
Proof. Suppose H(xy) >U(x) AWy) forall x,y€G.
When lWZ @ AE[O0, 1], let x, y € By, Then

By ) 2 ) AWy = Ba) A B(y) 2A
have vy~ '€ Wy is a subgroup of G.
Conversely, suppose there are x,y € G such that
By )< H(x) AB(y).

Put A= min{U(x), U(y)} , then x, y € I, Because
Bixy )< B(x ) AR(y )= A xy € Mr. Hence, Mris not a subgroup of G.

Consider the t— norm To: To( a, b)= a A'b, for all (a, b) €[0,1] x[0, 1]. We get the
following corollary
Corollary 2.3 Suppose H is a fuzzy subgroup of G wrt T'.
Then, 1) His a step fuzzy subgroup of G wrt T.

2) Furthermore, M is a step fuzzy subgroup of G wrt T, where T is aarbitrary t— norm.

Proof 1) Because H(xy) >T0(1J(x), Uy))= B(x) AW(y), foral x, y € G, it follows
from theorem 2.2 that H is a step fuzzy subgroup of G wrt To.

2) T his conclusion follows from 1) and that fact: Ty >T.
Definition 2.4 Let B be astep fuzzy subgroup of G wrt T. Suppose H( G) is the range of H:

WG)=4{ Wx)lx € G}.

If the ¥ G) is finite: U(G):{Co, i, €2 - Cmy, with 1 2co> c1> ¢2> > cm 20, the in-
teger m is called the length of I.
If the B( G) is countable: P(G) = €0, €L, €2, wes, Cm, ] with 1 20> ¢1> c2> o>



Cm - 20, the length of W is defined by + oo,

Clearly, if G is a finite group, His astep fuzzy subgroup of G wrt T, then the length of P
is a finite integer.
Theorm 2.5 Let B be a step fuzzy subgroup of G wrt T, the length of B is s. W G) =

co, cl1, ¢2, ---,c/2, 1 2co> c1> > > /2 %,
Suppose A = {U}\l)\e [0,1], B & @ . Then
A= B o B and we can get asubgroup series without repetition in G:
ef SH< W< h< .x k=6

(H.< M indicate that K is a proper subgroup of F. ).
Proof. Let i be a integer.

If 0<i s then there is axi € G: Y xi)= ci, hence K. Z®. By definition 2.1, K (i=0,
1,2, 3.., s)is a subgrcup of G.

If1<i< i+ 1 <s, then, Clearly, l'l'ci c l'lc”l. Because there is a xi+ 1€ G such that
W(xi+1)= cir1, and ci+ 1< ci, then xi+ 1€ W, xir1€He, Hence e 7M. M < Mo

Because e = min H( G), then forallx € G, U(x) Zc,, thus B 2 6. Hence K. = G.

T herefore, we get sequence:
[ef S < < K< < =G

s

Forall MEA. if Civ 1< A< ¢i, 1 i+ 1<s, then
W= (212 €6, Wx)2N={x1x€C, Wx)2a)Ufxlx €6, ASH(x)< W= LU
= llci_

If &> co, then lh= @, W€ A.

If X ¢s, then a2 K = G, hence M= M.

Therefore, A S{¥F M H ... K]
Suppose His a step fuzzy subgroup of G wit T, then what is the structure of H? We state with
certainty:
Theorem 2.6 H is astep fuzzy subgroup of G wrt T', and the length of B is m if and only if B
has the follow ing

structure:
co, x €ENo
ci, x EN1- No
Wx)=19c2 x ENa= Ny (1)

en, x ENm— Num- 1.
in which 1 Zco> ¢1> ¢2> > cm >0, Ni(i= 0,1, 2.., m)are subgroups of G and form a sub-
group series without repetition in G: {e) SNo< Ni< N2< -.< Nu= G.
Proof. If His a step fuzzy subgroup of G wrt T, and the length of 1 is m. Let
WG )= {co. c1, ca oy Cn)y 1 200> c1> 2> > cm 2.



Let Bi= {x1x €G, Wx)=¢), i= 1,2, .., m,0.
Then, on can express H as:
co, x € Bo
cl, x € B

Wx)=9 c2,x €EB2 (2)

em, x € Bm.
Clearly, Bo= Llco, B,= llC’— u%_li: 1,2, - m.
By Theorem 3.5, we have
fe] SH< Bc W< < l=0¢C
Put = Ni(i= 0,1,2...m) in (2), weget (1).

Conversely, if H has the structure (1), clearly, H is afunction, H: G_b[O, 1/.

1) Foral x, y€G.

Ifx,yENi— Ni_1, 1<iS<m, then H(x )= H(y)= ¢i. Because xy € Ni(for N; is a sub-
group of G),

Bixy) 2ei= Wx) AWy).
fx €ENi—Nio 1,y ENj— N;o 1, 1<i<j Sm, then B(x )= ¢;> ¢= H(y), but N; <N,
hence xy € N;,
Hxy) 2= Wa) AKy).
If x,y, €No, then xy ENo, W xy)= co= H(x) A U(y). Therefore, we have shown:
H(xy) >U~(x) AY(y), forall x,y €G. (* )
But for all t— norm T, H(x)AM(y) 2T (H(x), B(y)), for al x,y €G.
Hence, H(xy) >T(l«l(x), Uy)), foral x,y €6.

2) For al x €G. f xENi—= Ni_y, 1 <i <m, then x~ '€ Ni, hence, H(x~ 1) ei=
U(x). If x €ENg, thenx ™ "ENoy, Wa~')= U(x)= co
T herefore, we have shown: H(x~') )U(x), for all x € G.

Put x~ '= y, by the above inequality, we get
B(x)= By~ ") 2U(y)= B(x""), hence B(x™ )= W x), for al x €G.

T herefore, by the conclusion of 1), 2) we have shown: His a fuzzy subgroup of G wrt T'.
Furthermore, by (* ) and theorem 2. 2, we get: His astep fuzzy subgroup of G wrt T, and the
length of K is m.

In a similar way to the proof of theorem 2.6, we get Theorem 2.7 H is a step fuzzy subgroup

of G wrt T, and the length of B is + o0 if and only if B has the following structure:

co, x ENo
c1, x ENi— Ng
ca, x ENa= N

W(x )=

Cm, .’)CENm— Nm-1




2 : 5

in which 1 Zco> ¢1> 2> o> > - >0, Ni(i= 1,2, .., m, -..)are subgroups of G and form
a sequence of subgroup of G such that each member of the sequence is a proper sbugroup of its
SuCCessor:

{e} SNo< Ni< Na< - Np< K6,

Let {e} SNo< Ni< No< < Npu= G (%)
is a subgroup series without repetition in G. The integer m is called the length of the series.

If there is a subgroup series without repetition ( %) in G, its length m= max {lengths of all
subgroup series without repetition in G}, then we may say that the series ( %) is a group series of
the longest length in G.

Clearly, finite group has a subgroup series of the longth, but infinite cyclic group has no.

T he follow ing theorem 2. 8 reveals the relations betw een step fuzzy subgroup and properties
of groups.

T heorem 2. 8 Group G has a subgroup series of the longest length which length is m if and
only if there is astep fuzzy subgroup B of G wrt T, thelength of H if m, and for any step fuzzy
subgroup of G wrt T, its length <m.

Proof. If G has a subgroup series of the longest length which length is m: {e}= No< Ni< N>
< < Np= 6.

choose ¢;(i= 0,1, 2.., m) €[0, 1]such that 1 Zco> c1> 2> > cm 20. Let

co, x ENy

c1, x ENi= Ny

UWx)=9 cs x ENa— Ny

cm, x ENm— Num- 1.
By T heorem 2.6 H is astep fuzzy subgroup of G wrt T.
Let B isa arbitrary step fuzzy subgroup of G wrt T. If the length of W oiss, and ¢ 2m
+ 1. By Theorem 2, 6, from the structure of u , we can get co, C1, €2, -+, Cy E[ 0, 1]such that
1 2co> ¢1> 2> > ¢, 20, and a subgroup series without repetition in G: { e/} <1100< B < W
<< K=6
which length ¢ 2m+ 1. This contradicts the hypothesis.
Conversely, if there is a step fuzzy subgroup of G wrt T, thelength of B is m, and for any
step fuzzy subgroup of G wrt T, its length <m.
Let {e}= No< Ni< ..< Np= G is a arbitrary subgroup series without repetition in G.
Put ¢; <E[O, 11(i=0,1,2, -, h) such that 1\ co> c1> c2> , > ch.
Let
co, xI Ny
ci, xI N\- Ny
L(x)=94¢c2 xI No- N1

Ch, x I Np— Np-1.



By T heorem 2.6, L is a step fuzzy subgroup of G wrt T, thus h[ m.
Let L be astep fuzzy subgroup of G wrt T, and the length of L” is m, then, by T heorem
2.6, G has a corresponding subgroup series without repetition, it is a subgroup series of longest

length in G, and its length is m.

3 Step normal fuzzy subgroups
Definition 3.1 A wtep fuzzy subgroup of G wrt T is called a step normal fuzzy subgroup of G wrt
T if it is a normal fuzzy subgroup of G wrt T.
Theorem 3. 2 Let L be a step fuzzy subgroup of G wrt T. Then L is a step normal fuzzy sub-
group of G wrt T if and only if for all KI [0, 1], LKis a normal subgroup of G when IKX 5.
Proof. If L is astep normal fuzzy subgroup of G wrt 7. Then, for all KI [0, 1], when LKX 5.
LKis a subgroup of G. Forallx I LK yI G. one have L(xy)= L(yx),then L(y 'xy)= L
[y~ Yxy)]= L(xy)y 'J= Lx(yy ')J= L(x)\ K Hence y 'xy I LK LK$ G(H $ G indi-
catethat H is a normal subgroup of G ).

Conversely, if Lis a step fuzzy subgroup of G wrt T, and for all KI [0, 1], 1K} G when
IKX 5. Then forall x, v,z 1 G, put If{z)= K Because LK} G, y~ lzy I LK hence

Ly 'zy) \ L(z) (*)

Let Z= yx, by (* ), weget L(xy)\ L(yx).
Becauseyzy_ll LK, L(yzy_l)\L(z) (**)

Let z= xy,by (* * ), weget L(yx)\ L(xy). Thus

Lixy)= L(yx) foral x,yI G.
T herefore, L is a normal fuzzy subgroup of G wrt T'.
T heorem 3.3 Lis astep normal fuzzy subgroup of G wrt T'. and the length of Lis m if and only

if L has following structure:

co, x I No
ci, xI Ni- Ny
L(x)=3c¢c2 x I N2—= N1 (3)

cm, x I Npy— Np- 1.
n which 1\ ¢p> ¢1> 2> , > eV 0, Nis G(i=0,1,2, , ,m), and Ni(i=0,1,2, ,, m)
form a normal series without repetition in G:
{e} 8NosNisN2s ., sNm= G.

Proof. If L is astep normal fuzzy subgroup of G wrt T, then by definition 3. 1, L isa step fuzzy
subgroup of G wrt T', hence by Throrem 3. 6 L has structure (1) .

Because L is a step normal fuzzy subgroup of G wrt T, by Theorem 3.2 one get Ni= L.
s G, hence L has a structure ( 3).

Conversely, if L has a structure (3), by Theorem 2.6, L is astep fuzzy subgroup of G wrt
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Forall x,yI G, f x I Ny— Ni-1, t=1,2,, , m, because N;s G, yxyill N,, but N,=
Le, yxy~ N Le, hence Les G, t=1,2,, , m, Furthermore, I. = Nos G. Hence Los G, i=
0,1, , , m. By Theorem 3.2 and T heorem 2.5 we have shown that L is a step normal fuzzy sub-
group of G wrt T, and its length is m.

In asimilary way to the proof of Theorem 3.3, we can get Theorem 3.4 L is a step normal

fuzzy subgroup of G wrt T, and the length of Lis + ]| if and only if L has the following strue-

ture:
co, x I No
ci, x I Ni—- No
c2, x I No— N1

L(x)=

Ccm, x 1 Nm— Nm-1

in which 1\ ¢o> ¢1> 2> , > cn> , V0, Ni(i=0,1,2 ,,m,, ) %G, and {e} |
NosN1sNas ., sNus .

Just as Theorem 2.8, the following Theorem 3.5 reveals the relations betw een normal series
of G and step normal fuzzy subgroup of G wrt T'.
T heorem 3.5 Group G has a principal series which length is m (see[ 3]) if and only if there is a
step normal fuzzy subgroup L of G wrt T, the length of L is m, and for any step normal fuzzy
subgroup of G wrt T, itslength|[ m.
Proof. with the Theorem 3. 2, this proof is similar to the proof of Theorem 2. 8.

We know that finite group has a principal series and that infinite cyclic group has no. By
T heorem 3.5, we get Corollary 3. 6. If G is afinite group , then there is some step normal fuzzy
subgroup of G wrt T'.

Remark. Clearly, a fuzzy subgroup of G wrt To(see definition 1, 4) is a step fuzzy subgroup
of G wrt T gand a normal fuzzy subgroup of G wrt T¢ is a step normal fuzzy subgroup of G wrt
T o Therefore, the conclusions of section 3 and section 4 are suitable for fuzzy subgroups of G

wrt To and normal fuzzy subgroups of G wrt T .
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